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Abstract 


The emergence of generalized square metrics in Finsler geometry 
can be attributed to various classification concerning (a, 3)-metrics. 
They have excellent geometric properties in Finsler geometry. Within 
the scope of this research paper, we have conducted an investigation 
into the generalized square metric denoted as F(x, y) = beyre, 
focusing specifically on its application to the Finslerian hypersurface. 
Furthermore, the classification and existence of first, second, and third 
kind of hyperplanes of the Finsler manifold has been established. 
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1 Introduction 


Let M be an n-dimensional differential manifold. Define a Finsler met- 
ric on the differentiable manifold M. This Finsler metric is known as Finsler 
fundamental fuction on the manifold M. Let us first define what is exactly 
mean by Finsler fundamental function. 

Definition 1.1 (Finsler metric). We say a function F : TM > Risa 
Finsler metric or Finsler fundamental function on the manifold M if F sat- 
isfy the following conditions: 


“Corresponding authour: Mohammad Rafee; Email Id: mohd_rafee60@yahoo.com 


1. F is C% away from zero vectors of the tangent spaces: 
That is, F is smooth on TM\{0} = {(2,y)|a € M,y € T,M,y # 0}. 
The smoothness property is desired so that we can apply differential 
calculus on the Finsler metric F. 


2. Positivity of function F’: 
F(x,y) > 0 for z € M and all y € TaM. 
This property ensures that the length of a tangent vector y € TaM is 
either positive or zero. In terms of arc length this property also 
ensures that arc length defined by the integral 1.1 is either positive 
or zero. 


3. Positive homogeneity of function F: 
F(x, Ay) = AF (x,y), V À > 0; for x € M and all y € T,M. 
That is, F is +ve 1-homogeneous of first degree in the directional 
argument y. This property ensures that, length of a tangent vector 
Ay € Ts M is nothing but » x F(x,y) € R. 


Figure 1: This figure shows the tangent vector Ay € TyM, A > 0, is A times 
the tangent vector y € T,M. 


4. Strict convexity of the function F: 
F :TM > R is strictly convex over the tangent bundle TM. 


It is important to note that strictly convex condition is equivalent to the hes- 
sian matrix [g;;], where i, j € {1,2,3,...... dim(M)}, defined by 3 opts (Pr y) = 
gij(X, y) is positive definite for any (x,y) € TM. It is the convexity condi- 
tion on the Finsler metric F that guaranties for the arc length minimization, 


given by the following formula, of the admissible curves y : [a,b] > M be- 
longing to the set C'™[a, b] 


b 
stl = f FODA (1.1) 


can be achieved. 


Figure 2: This figure shows the curves y : [a,b] > M over the manifold M 
such that y(a) = P and y(b) = Q. 


In other words, the convexity condition on the Finsler metric is a geo- 
metric requirement that makes sure that the length of a curve can be defined 
and that the arc length functional s[y(t)] is well-behaved, particularly for 
the purpose of minimizing or finding geodesics with respect to the given 
Finsler metric F. Without convexity, the concept of length and the corre- 
sponding optimization problems will not make sense or may not have unique 
solutions. 


In the definition provided above, F(x,y) signifies the magnitude of the 
vector y within the tangent space TyM originating from an arbitrary point 
x within the manifold M. This quantity is commonly referred to as the ” F- 
length” or simply the ”Finslerian length” of the tangent vector y in TyM. 
If we fix the point x € M in the manifold M, then F(z,.) can eat every 
tangent vector y E€ TyM and spits a real number. 

We can think of while considering physical problems involving position and 
direction, the Finsler metric F(x,y) as having two arguments x and y rep- 
resenting location and velocity at any point p E€ M respectively. 


Definition 1.2. (Finsler Manifold) 

A differentiable manifold denoted as M, when equipped with a Finsler metric 
F(x,y), is referred to as a Finsler manifold or Finsler space. This is typically 
denoted as (M, F). 


Definition 1.3. (Finsler Geometry) 

Consider a Finsler manifold denoted as (M, F), where F(x,y) represents a 
Finsler metric. The branch of geometry that relies on the Finsler metric 
F(x,y) defined on the manifold M is termed Finsler geometry. 


In Finsler geometry, a significant and distinct class of Finsler metric 
known as the (a, ()-metric is of particular importance. This metric is defined 
as follows: 


Definition 1.4 ((a, 3)-metric). Consider a Finsler space denoted as (M, F(x, y)), 
where F(x,y) represents the Finsler fundamental function. This space is 
said to possess an (a, 3)-metric if the fundamental function F(x, y) can be 
expressed in the following manner: 


F(x,y) = F (a(x, y), B(2, y)) 


In this expression, F (a(x, y), 6(x, y)) is a differentiable function of two 
variables a(x, y) and (x,y). Here, a(x, y) is the Riemannian fundamental 
function defined as \/a;;(x)y’y?, where a;;(x) represents a Riemannian met- 
ric tensor, and (x,y) is a differential 1-form defined on the tangent bundle 
TM, with b;(x) representing a covariant vector field. 


The class of (a, 2)-metrics was originally introduced by the renowned 
geometer M. Matsumoto [9]. 
Some important examples of (a, 8)-metric are: 


Example 1.5. The metric defined by 


F(x,y) =a(z,y) + B(z,y) 


is called Randers metric and the space (M, F(x,y) = a(x, y) + B(x, y)) con- 
structed with Randers metric is called Randers space. This metric was first 
introduced by Physicist G. Randers in 1941 [14], in his study of general 
relativity. 


Example 1.6. The metric defined by 


_ a (ey) 
D B(x, y) as 


2 
is called Kropina metric. A space (m, F= E) constructed with Kropina 


metric is called Kropina space. This metric was introduced by the Russian 
physicist V.K. Kropina [7]. It has many important and interesting appli- 
cations in physics, electron optics with a magnetic field, dissipative mechan- 
ics and irreversible thermodynamics, relativistic field theory, control theory, 
evolution and developmental biology [11]. 


Example 1.7. The metric defined by 


ant (ayy) 


is called generalized Kropina metric. A space (m, F= ee | constructed 


with Kropina metric is called generalized Kropina space. 


Example 1.8. The metric defined by 


a? (x,y) 
f= i ,a-B>0 
a(x, y) = p(z, y) 
is called Matsumoto metric. A space | M,F = ai ten) constructed 


with Matsumoto metric is called Matsumoto space. This metric was first 
introduced by M. Matsumoto [8] while investigating the model of a Finsler 
space. This metric is also named as slope metric. 


Example 1.9. The metric defined by 


la(x, y) + B(a,y)/? 


ls a(x, y) 


a(z,y) 


is called square metric. We say the space (M, F(a.) = tepsir) 


constructed with square metric Shen’s square space. 
Example 1.10. The metric defined by 


[a(x y) + 8x, yt 


Mey = aen] 


= | 
[a(x,y)|P 
constructed with generalized square metric the1.generalized square space or 


the Shen’s generalized square space. If we put n = 1 in above metric, i.e., 
in generalized square metric, we get the square metric of definition (1.9). 


is called generalized square metric. We say the space (m, F(x,y) 


Among these Finsler metrics this was the “generalized square metric” 
that draws our attention to work with hypersurface of a Finsler space (M, F(x, y)). 
Let us first define the meaning of a hypersurface: 


Definition 1.11. A hypersurface is an embedded submanifold of codimen- 
tion 1. That is, a submanifold of dimension less that 1 of a given manifold 
is called hypersuraface of the underlying manifold. 


This means, if we have a manifold M such that dimension of M is n, then 
the submanifold having dimension n — 1 will be understood as hypersurface 
of the given manifold. 

A submanifold of dimension n — 1 is generally denoted by the symbol M"~!. 
In this paper, we will also denote a hupersurafce of a manifold M by the 
symbol M"—!. 


Example 1.12. Let M = R? be a manifold. Then a straight line in Figure 
3 denoted by M"~! and defined by linear equation in two variables x and y, 
i.e., ax + by +c=0 is a hypersuarface of the underlying manifold M = R?, 
because dim(M )=dim(R?)=2 while the dim(M"—!)=n -1 =2 -1 =1. 


Figure 3: The line represented by eqution ax-+by+c=0 is a hypersurface of 
the 2-dimensional manifold R?. 


Example 1.13. Let M = R? be a manifold. Then the unit sphere in Figure 
4 denoted by M"—" and defined by x? + y? + 2? = 1 is a hypersuarface of 
the underlying manifold M = R?, because dim(M )=dim(R?)=3 while the 
dim(M"—! )=n -1=3-1=2. 


Matsumoto [10], a prominent Finslerian, was the first person who stud- 
ies the hypersurfaces and charecterised the special hypersurfaces M"~! of 
a Finsler manifold. He, specifically, characterised the properties of hyper- 
surface M"~! of Randers space [14]. After this, the number of Finslerians 
dramatically increased to show their interest in Finsler hypersurface M"~!. 


Figure 4: The sphere represented by equation z? + y? + z? = 16 is a hyper- 
surface of the 3-dimensional manifold R°. 


Many authors around the world ( [6], [5], [3], [15], [16], [18], [2], [12], [1], 
[4]) did study the properties of special hypersurface M”"~1 and derived the 
conditions under which a Finsler hypersurface M"~! of a Finsler manifold 
(M, F(x,y)) becomes a hyperplane of first kind, second kind but not of the 


third kind. Aim of the present paper is to investigate the hypersurface M"~! 


[a(x,y)+B(a,y)Irt4 
[a(z,y)]” ' 


of Finsler space using generalized square metric F(x, y) = 


2 Preliminaries 


We consider the Finsler space (M, F), where F is the generalized square 
metric, that is given by 


(a + p) 


F(a, b) = af (2.1) 


Calculate all the partial derivatives of equation (2.1) up to second order, 


we get 


_ (@-np)(a +8)" 


Fa aaa (2.2) 
es le sali (2.3) 
F, = n(n + aa +6)! (2.4) 
Fag = Ot ao 0.5) 
Poe n(n + a By! (2.6) 


We already know that, in a general Finsler manifold (M, F), the normal- 
ized element of support l; = ae and the angular metric tensor hj; [14] are 
evaluated by the following formula: 


Fg i 
1, = 2 + Py, (2.7) 
a 
hig = paij + qobib; + a1 (diy; + dy ys) + q2yiyj, (2.8) 


and the coefficients are defined and calculated as follows: 


Yi = TA 


FF, (a—n8)(a+ 6)" 


oe ee (2.9) 
so = FF 9 = Mt ue +)" (2.10) 
n- FFs __n(n+ o a (2.11) 
F (Foo — ©) 
Oe —— a 
_ (a +8)" {nB(n a ng) - a(a+ B)} (2.12) 


We also know that, in a general Finsler manifold (M, F), the fundamen- 


tal metric tensor gij = 5 he is evaluated by [14] the following formula: 
Jij = Paij + pobidj + pı(biyj + bjyi) + DayiY; (2.13) 


whereas its coefficients p, po, pı and pə are defined and calculated as follows: 


FFy 


p= ~" 
Ca a p)?r** 
= qunt2 (2.14) 
po = qo + F3 
1)(2n +1 an 
Q 
pF 
pPı= q+ 
(n + 1)(a + 8)” (a — 2ng) 
= q2nt2 (2.16) 
2 
P 
p2 = q2 + F2 
a + B)?" {2n?B + 2nB — na- a 
_ Bla + 8)" {206 + 2B } en 
a?(n + 2) 

We know that, in a Finsler manifold (M, F), reciprocal metric tensor of 
a fundamental metric tensor gij = ao bei is denoted by g’! and is evaluated 
by the formula [14] 

gis ae ee eee 
g’ = al Sob’? — Sy(b’y? +y’) — Soy’y? (2.18) 


whereas its coefficients b’, So, Sı and S2 are evaluated by the following 
formulae: 


bi = ab; 
2) 2 
Sp = PRot oe pija (2.19) 
a2 
g, = PP! + (pop2 — pi) b (2.20) 
på 
22 
Sy = pp2 + (pope — pi )b (2.21) 
pC 
C = p(p + pob? + p18) + (pops — p?) (ab? — 8?) (2.22) 


where b? = aibb. 


Let us define the hv-torsion tensor Cj;~ = 4 29:1 as follows [17]: 


2 yk 
h: ham- -hum TA 
Cijk = pı( ijMk + NjkMi + kiMj) + YMIMj Mk (2.23) 
2p 
and its coefficients y; and m; are evaluated by the formulae 
opo yib 
V1 = Pag — 3p190, Mi = bi — 72 (2.24) 


Here m; is known as non-zero covariant vector orthogonal to element of sup- 
port y’. Let Tibe the components of Christoffel symbol of the associated 
Riemannian space R” and Vz» be the covariant differentiation with respect 
to x" relative to Christoffel symbol. Now we put 


2E;j = bij + bji (2.25) 
QF ij = bij — bji (2.26) 


where bi; = Vjb;. Let CT = (Ti, DA, Cip) be Cartan connection of (M, F). 


The difference tensor D; k= li, — ri x of the special Finsler manifold (M, F) 
is given by [17] 
Di, =B' Ex + FB; + Fi By, + B box + Bi boj B bomg”™” Bip = Chm At 

— Chm Aft + CjikmAg g” +d? (Cm Csk™ + ChanCet — CfzCms) 


(2.27) 
where 
Bk = pobre + P1Yk (2.28) 
B’ = g! B; (2.29) 
YiYj Opo 
Bij = Si e A (2.30) 
2 

BF = g" By; (2.31) 
g = Bg Eoo + B” Exo + Beko” + BoF (2.32) 
X™ = B” Eo + 2Bok” (2.33) 
FE = gi Fj (2.34) 
Bo = BY’ (2.35) 


Here as well as henceforward ’0’ denotes tensorial contraction with y’ be- 
sides po,go and So. 
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3 Induced Cartan Connection 


Let (M,F) be a Finsler manifold, where F(a, 8) = a is general- 
ized square metric. Also, let M”! be a hypersurface of the Finsler manifold 
(M, F) whose hypothetical picture is depicted in the Figure 4. 


Figure 5: A hypothetical picture of hypersurface M"~! of the 3-dimensional 
Finsler manifold (M, F). 


We will describe this hypersurface M"~! by following parametric equa- 
tions: 


r? Sa OP. (i = 1,2,3, okt: n;a = 1,2,3, an n—1) (3.1) 


where u“ is a parameter that represents coordinates on the hypersurface 
M”~!. Do you know why we are considering parametric equation of the hy- 
persurface? We considered parametric equation only because of the fact that 
parametrization always makes our life simpler. Remember those days when 
we used to consider parametric equations of curves and surfaces. Moreover, 
using parametrizations we were able to calculate speed of the curves as well 
as tangent planes and normal lines of the sphere. In elementary differential 
geometry we also have learnt that parametrization helps us to determine 


11 


the shape, that is, curvature and torsion of a curves and surfaces. Thus a 
parametrization has more information than the set of points constituting 
the hypersurface MM". 

Now differentiating the equation (3.1) of the hypersurface ies re- 


spect to parameters u®, we get Bi = gr Here each BY = for 
(a=1,2,3,....... n-1) represents components of tangent vectors and these tan- 


gent vectors Bi represent a tangent space at a point p of the ke 


face M”! . Let the matrix corresponding to first derivative Bi = ie be 


[Bi] = [222], and it has maximal rank , namely, (n-1). The maximal rank 


required here is to ensure that tangent vectors forms linearly independent 
set so that any generic vector tangent to M”! is linearly expressible in 
terms of these linearly independent tangent vectors. To introduce a Finsler 
structure in the hypersurface M"~! , the supporting element y’ at a point 
u® of M”! is assumed to be tangential to M"~!, so that we may write 


y = By(u)v* (3.2) 


Therefore v® is the element of support of hypersurface M”! at the point 
u“. The metric tensor gag and hv-torsion tensor Cag, of hypersurface M n=l 
are defined by 


Jap = 9:5 BL BY, Copy = Cie B BiB: (3.3) 
Now the unit normal vector N‘(u,v) at an arbitrary point u® of the 
hypersurface M”~! is defined as follows: 


Definition 3.1. A vector N’ (u,v) at a point u® of the hypersurface M"~! 
is said to be unit normal vector if 


Jij (x(u, v), y(u, v)) BNI = 0, Jij (z(u, v), y(u, v))N* NI =1 (3.4) 
Let us define angular metric tensor h;; as follows: 


Definition 3.2. We say the tensor hj; an angular metric tensor, if hij 
satisfies the following conditions: 


hap = hij BiB, hey BEN? =0, hig N*NI = 1 (3.5) 
Let (B®, N;) be the inverse of (B$, N*), then we have 


Breg G58). BR =o, BON =O, 
BiN; = 0, Ni = gi N’, BF = g! a 
BiB? + NİN; = 6 
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We shall denote by ZCT the connection of a hypersurface M”! induced 
from the Cartan connection CT. The induced Cartan connection ZCT = 
(Tay G3, CBy) on hypersurface M"~! induced from the Cartan’s connection 
CT = (Thh Tok Chp) is given by [10] 
r% = B? (By, + 1%, BiB) + Mf Hy 
3 = BS (Bog + T3; B3) 
Ch, = BPC), BEBE (3.6) 
where second fundamental v-tensor Mg, is defined by 
Mg, = NiC}, B$ B} 
= Nig" Cjr BIBË (using Ci, = g” Cijk) 
= N'CijkBÍBË (using N'g” = N’) 
= ijr Bh BÍN" (adjusting the indices j, k and 1) (3.7) 
Mg = 9°" Mpy 


and normal curvature vector Hg is defined by 


Hg = Ni(Bog + T$ B4), 


where 


The quantities Mg, and Hg appeared in above equations are called the 
second fundamental v-tensor and normal curvature vector respectively [10]. 
The second fundamental h-tensor Hg, is defined as [10] 


Hg, = N:(Bh, + T3, B}B}) + Mp Hy (3.8) 
where 
Mg = Ci, BÍN: N" = Cij Bi NÍ N" (3.9) 


The relative h-covariant derivative and v-covariant derivative of projection 
factor B% with respect to induced Cartan connection ZCT are respectively 
given by 


Big = Hap N’ (3.10) 
Bije = MapN’ (3.11) 
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The equation (3.8) shows that Hg, is not always symmetric and 

Hey — Hyg = MpH, — M,Hg (3.12) 
Thus the above equation simplifies to 

Hoy = Hy, Hag = Hy + MHo (3.13) 


Definition 3.3 ( [10]). A hypersurface M"~! of a Finsler manifold (M, F) 
is said to be a hyperplane of first kind if each path connecting two differ- 
ent points of the hypersurface M” with respect to the induced Cartan 
connection ZCT is also becomes the path of the ambient Finsler manifold 
(M, F) with respect to Cartan connection CT. 


Definition 3.4 ( [10]). A hypersurface M"~! of a Finsler manifold (M, F) 
is said to be a hyperplane of second kind if each h-path of the hypersurface 
M”~! with respect to the induced Cartan connection ZCT is also the h-path 


of the ambient Finsler manifold (M, F) with respect to Cartan connection 
cr, 


Definition 3.5 ( [10]). A hypersurface M"~! of a Finsler manifold (M, F) 
is said to be a hyperplane of third kind if unit normal vector B’ of the 


hypersurface M"~! with respect to the metric F is parallel along each curve 
(oro), 


If one wants to prove a hypersurface a hyperplane of first kind, hyper- 
plane of second kind and hyperplane of third kind, it is very difficult to 
prove it only with the help of definitions mentioned above, in that situation 
one should incorporate below sufficient conditions given by M. Matsumoto 
to prove the same: 


Lemma 3.6 ( [10]). The normal curvature Ho = Hgv? vanishes if and only 
if normal curvature vector Hg vanishes. 


Lemma 3.7 ( [10]). A hypersurface M"—‘is a hyperplane of first kind if 
and only if Ha = 0. 


Lemma 3.8 ( [10]). A hypersurface M”! is a hyperplane of second kind 
with respect to Cartan connection CT if and only if Ha =0 and Hag = 0. 


Lemma 3.9 ( [10]). A hypersurface M”! is a hyperplane of third kind 
with respect to Cartan connection CT if and only if Ha = 0, Hag = 0 and 
Mag = 0. 
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4 Hypersurface M”! of the special Finsler space 


We know that a hypersurface is an embedded subspace of codimension 
1. That is, a subspace of dimension less that 1 than the dimension of a given 
manifold is called hypersuraface of the given manifold or space. For the sake 
of our study we are dealing with hypersurfaces rather than the subspaces of 
arbitrary dimensions. In this paper we are specifically confined to Finslerian 
hypersurfaces M"~!. 
Let us proof the following propositions in context of Finslerian hypersur- 
faces. 


Proposition 4.1. Let (M, F) be a Finsler manifold, where F(a, 3) = ce 


ar 
n € N, is a generalized square metric and M"~! be its hypersurface. Then 
fundamental function of the hypersurface M"~! induced from the Finsler 
manifold (M, F) is a Riemannian metric. 


Proof. It is given that (M,F) be a Finsler manifold, where F(a,3) = 
n+l 
oe, n € N, is a generalized square metric. Let level equation of the 


hypersurface M”! be given by 


ea ame 


where c is a real number. 
Take the gradient of the above level equation representing hypersurface 
M"-1, we get 
bi(x) = Ojb 
Again consider the parametric equation of the same hypersurface M"~! 
as 


x = a’ (u%) 


Differentiating the equation of hypersurface b(a(u)) = c with respect to 
parameter u“, we get 


Ob(a(u)) Oxt 


Ox? Ou E 
bi(x)B = 0 


Ob(x(u)) and Bi = Ox? 


where bj(x) = —55 wae 


This implies that b;(x) are normal vector field (covariant component) of 
hypersurface M"—!. 
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, 


Thus at any point of the hypersurface M”! we now have 
hp =0 (4.1) 
biy = 0,i.e.,8 =0 
Now, we will see how generalized square metric F = a, neQN, 
induces a metric on the hypersurface M”"~!. In this case we will denote 
induced metric by F. First consider the generalized square metric 


oe (a +p)" 


m t E biyi) et 
(V'aijytyi)" 
(ai Bi, (uv Bi (u)v? + wa 
(ay Bi (uve Biu) 
(y ai Bi (u) BY (uveo? m by’) 
(ai Bi(u)Bi(uyorv®) 


which is the general induced metric on the corresponding hypersurface 
M"~!. Using equation (4.2), general induced metric of the hypersurface 
becomes 


F(u,v) = 4/ dagu%v8 (4.3) 


where aag = dig Bi (u) BY (u). 
Thus function represented by equation (4.3) is fundamental function or the 
metric of the hypersurface M"~! induced from the ambient Finsler manifold 
(M,F). 

The fundamental function of the hypersurface M”~! represented by 
equation (4.3) do not have 8 component as 8 = by’ = 0 over the hy- 
persurface M"~! therefore fundamental function of the hypersurface M”! 
induced from the Finsler manifold (M, F) is a Riemannian metric. 


Proposition 4.2. Let (M, F) be a Finsler manifold, where F(a, 3) = a. 


n € N, is a generalized square metric and M”! be its associated hypersur- 
face. Then the covariant and contravariant components of normal vector 
field on the hypersurface M"—' are given by 
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—./ b? : 


2. © = /P {1 +n(n t+ D}Ni + Ey! 


Proof. It is given that M"~' is a hypersurface of the manifold (M, F), where 
F(a, 8) = cba ales n € N, is a generalized square metric. 

Moreover, we know from equation (4.2) that 6 = 0 over the hypersurface 
M”. Let us calculate the value of p, po, pı and pz. For that, substitute 
the value of 6 = 0 into equations (2.14), (2.15), (2.16), and (2.17), we get 


n+l 
p = 1, po = (n + 1)(2n + 1),p1 = ——, p2 = 0 (4.4) 


Now put the values of p, po, pı, p2 into equations (2.19), (2.20), (2.21) 
and (2.22), we get 


—  n(n+1) 
So = iene DP (4.5) 
n+l 
A= Aan ee} = 
B (n + 1)?b? 
a a (47) 
C¢=1+n(n4+1)e? (4.8) 


Substituting the values of p, Sp, S1, S2 from the equations (4.4), (4.5), (4.6) 
and (4.7) into equation (2.18), we have 
= pi biyi i 
iea °° alee 
(n + 1)7b? ij 

2 mn Yy 
a? {1 +n(n + 1)b7} 


(4.9) 


Multiplying equation 4.9 by b;bj and using 8 = biyt = 0, over the hyper- 


I7 


surface M"—!, it becomes 
n(n + 1) 
1+n(n + 1)b? 


n+1 
a {1+ n(n + 1)b?} 


g” =a" x bibj x D'bI x bibj x (b'y! + biy’) x bibj+ 


(n + 1)?b? 


ty J bh. 
Pil ae Dey ee 


enh CES x (b'b;) (b?bj)— 

n+1 i : ; Kta (n + 1)20? EP 
AEE T { (bbi) (biy) + (bib) (biy) } 4 a2 {1 + n(n + 1} * {(biy’)(bjy’) } 
= vij- EN 5 OO) 


1+n(n + 1)b? 


a{1 a 1)b2} x {(b?)(0) + (b7)(0)} 4 


(n + 1)? 
a2 {1+n(n +1) 


ay * (O0) 


n(n + 1) 


— h2 4 
=] renare 
. b2 
iibb; = 
g” bib 1+n(n+1) 


Thus at any generic point of the hypersurface M"~!, we have 
E b2 

iibb, — 

A P E n(n +1) 


Now from the above equation and using the equation (3.4), we get 


b2 
a ns 4.1 
ý l1+n(n+1) aa) 


which is the covariant component of the normal vector field on the hyper- 
surface M"—!. Now from (4.9) and (4.10) we get 


b= a'b; 


= yb {1 +n(n +1)} N’ + Yy (4.11) 


which is the contravariant component of the normal vector field on the hy- 
persurface M"—!. 


n+l 
Proposition 4.3. Let (M, F) be a Finsler manifold, where F(a, 3) = Ca ; 
n € N, is a generalized square metric and M”! be its associated hypersur- 


face. Then second fundamental v-tensor of hypersurface M"~' is given by 
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Mop = we (y en) hop 


and second fundamental h-tensor Hag is symmetric, i.e., Hag = Hea. 


Proof. Tt is given that M"~! is a hypersurface of the manifold (M, F), where 
F(a, 8) = a. n € N, is a generalized square metric. 

Moreover, we know from equation (4.2) that 8 = 0 over the hypersurface 
M"-?. Put the value of 6 = 0 into equations (2.14), (2.15), (2.16), and 
(2.17), we get 


n+l 


p = 1, po = (n+ 1)(2n + 1), pı = po =0 


Q ; 
Now, put the values of p, po, pı and p2 obtained above into equation 2.13, 
we get fundamental metric tensor of the hypersurace M"~! 


(n+ 1) 


z (biyj + bjyi) (4.12) 


ij = Qij + (n + 1)(2n + 1) bib; + 


Let us calculate the value of go, qı and q2. For that, substitute the value of 
6 =0 into equations (2.10), (2.11), and (2.12), we get 


1 
qo = n(n +1), qı = 0,42 = —- 


Substituting the values of p, qo, qı and q2 in equation 2.8, we get angular 
metric tensor of the hypersurface M"~! 


1 
hij = aij + n(n + 1)bibj ayy (4.13) 


Differentiating equation 2.15 with respect to 8, we have 


Opp — 2n(n + 1)(2n + 1)(a + g)2n-1 
OB E Q2” š 


We know from equation (4.2) that 8 = 0 over the hypersurface M”~t 
so put the value of 8 = 0 into above equation and equation 2.24, we get 


Opp 2n(n+1)(2n +1) 


OB Qa 

n(n? —1 

y= fc 
a 
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Using the values of p, pı, yı and m; in equation 2.23, hv-torsion tensor 
on the hypersurface M"~!, becomes 


(n + 1) [(hijbk + hikbi + hribi) + n(n? — 1)bib; bx] 
2a 


Cijk = (4.14) 


Substituting the value of Cijk from equation 4.14 in equation 3.7 as follows: 


Mey = Cijk B4 BI N" 

n Mag = GyB BN" 

(n + 1) (hijbk + hjkbi + hrid;) + n(n? = 1)bibjbg] 
2a 


Bİ BIN" 


(n+ 1) { hij Bi Biby + hjr B$ (bi Bi) + hri BA(b; B3) ) + n(n? — 1) (bi Bi) (bj Bİ)br 


2a 


Using the equation 4.1 in above expression, we get 


© [00+ D {rig BL Bibe + hjr B40) + rus BAO) } + n(n? — 1)(0)(0)bx m 
7 2a 


NE 


(n = 1)hj; Bi Bİ bk 
2a 


B [e 5 a 
2a 


Using the equation 3.5, we get 


= (n + 1)hagbk N" 
E 2a 


Using the equation 4.10 in above expression, we get 


= 2a 1+n(n n~ hag N 
_ (n+!) b? k 
Qa 1+n(n+1) hap Ni N 


NE 


We know that N;,.N* = 1. Use this fact in above expression, we get 


"a 2 
Map = v ( morn) hap ve?) 


Again, substituting the value of Cij, from equation 4.14 into equation 
3.9 as follows: 


<. Ma = ijr BÉNIN" 
(n + 1) (hijbk + hikbi + hribi) + (n? — 1)bibjbr] 


Bi NİN" 
2a as 


(n +1) (hizb BL NINE + hyp bi: BI NINE + hpibj BLNIN®) + n(n? — 1)b;Bi bjb NI N*] 


2a 
Using equations 4.1 and 3.5 in above expression, we get 
Ma = 0 (4.16) 


Substituting the value of Ma from the equation 4.16 in equation 3.12 as 
follows: 


Hg, — Hyg = Mg, — M,fg 
Hg, — Hyg =0 x H} — 0 x Hg 


Hg, — Hyg =0 
Ag, = Hyg 
<. Hag = Hay 


which shows that Hyg is symmetric. 


Theorem 4.4. Let (M,F) be a Finsler manifold, where F(a, 8) = oe, 
n € N, is a generalized square metric and M”! be its associated hypersur- 
face. Then the hypersurface M”! will be hyperplane of first kind if and 


only if 
2; = bic; + bjci 


Moreover we show that second fundamental tensor Hag of M"~! is pro- 


portional to it’s angular metric tensor hag. That is, Hag = meme. 
NAN 
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Proof. Let us differentiate equation 4.1 with respect to 6, we get 
bi p Bi, + biBiyg = 0 (4.17) 
Put the value of Big from equation 3.10 and big = bij BY + bi; NI He 
into equation 4.17, we get 
bij BL Bi + bi; NÍHgBÅ, + biHap N’ = 0 (4.18) 
We know that 
b 


— h 
ijj = nay 


Put the value of b, from equation 4.10 into above expression as follows: 


bij = OAC Fj 
b2 
gsi] N, CO”: 
bilj l1+n(n+1) a 
by; BNI = 4 NC} Bi NI 
ij BaN = isan 97e 
b2 
~ l+n(n+1) | 
b2 
= EES x0 (using Equation (4.16) ) 
=0 
Using by; BLNI = 0 and equation 4.10 in the equation 4.18 and then using 
the fact that N;N* = 1, we get 
in b? 
ba; B3B} 4 Hag=0 4.19 


It is obvious that 6; is symmetric. Now contracting 4.19 with vÊ first and 
then with v“ respectively and using the equations 3.2, 3.13 and 4.16, we 
get 


E b2 
Buy H, =0 4.20 
bj Boy’ + na (4.20) 
ba yy? a 4 
yty Hy =0 21 


We know from the Lemma 3.6 and Lemma 3.7, a hypersurface M"~! is 
a hyperplane of first kind if and only if normal curvature vanishes, i.e., 
Ho = 0. Using the value Hp = 0 in equation 4.21 we find that hypersurface 
M”! is a hyperplane of first kind if and only if b; iljY ‘yi = 0. This bij is 
the covariant derivative of with respect to Cartan connection CT of Finsler 
space F, it may depend on yf. Moreover V jb; = bij is the covariant derivative 
of b; with respect to Riemannian connection Tiy constructed from a;j(x), 
therefore b;; dose not depend on yt. We shall consider the difference bij — bij 
of above covariant derivatives in further discussion. The difference tensor 
Di; = r= iy jk 1S given by equation 2.27. Since b; is a gradient vector, 
from equations: 2.25 and 2.26 we have 


= by, Fij = 0, Fi =0 (4.22) 
Using equation 4.22 into equation 2.27, we get 
Di, = bjk B’ + bor Bi + boj Bi, — bong’ Bjk 
o 7 Che +A Cim" (4.23) 


Using the equations 4.2, 4.4, 4.5 and 4.6 into equations 2.28 to 2.23, 
we get 


1 , l i 
BH G4 DOn+ lke n a (4.24) 


Bi = (n + 1) aija? — YY; + 2n(n + 1)bjbja} (4.25) 
| 203 

B; = (4.26) 

b= 0,rA" = B™boo. (4.27) 


Using tensor contraction operation with equations 4.25 and 4.26 by yf, we 
get Bio = 0, Bi = 0. Further contracting equation 4.27 by y? and using the 
fact that Bå = 0, we get A” = B™boo. Contracting equation 4.23 by A 
and using the facts Bio = 0, Bi = 0, A” = B™bo and C% = 0, Cim = 

C 70 = 0 obtained by contracting equations 4.25, 4.26, 4.27 and 3.6, we 
e 


Dig = B'bjo + Biboo — booB™ Ci mi (4.28) 
Doo = bb’ boo + by" boo (4.29) 


Multiplying equation 4.25 by b; and then using equations 4.2, 4.21 and 
4.23, we get 


bi: Dio E bbjo + bb; boo = bbib™ C'n boo (4.30) 
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Now multiplying equation 4.26 by b; and then using equation 4.2 we get 


bi Doo = oO, (4.31) 
From equations 4.14 and 4.16 it is clear that 
ae b2 
Ob: Chm BA = Iroa a =0 (4.32) 


Contracting the expression bj; = bij — b Di; by yf and yÍ respectively and 
then using equation 4.31 we get 


b2 


bi y°y? = boo — br Dio = ——————~b 
ijy Y 00 'r 00 Ttn(nt+)) 00 


Put bij = bij —b Di, in equations 4.17 and 4.18 and then using equations 
4.27, 4.1 and 4.29 and the value of by jy'y? above, equations 4.20 and 4.21 
can be written as 


b? ; 
— hj) Bi, +bHa = 0 4.33 
b2 
— b bHo = 0 4.34 
ETES 00 + Odo (4.34) 


From the equation 4.31 it is clear that the condition Ho = 0 is equivalent 
to boo = 0, where b;; is independent of y’. Since y’ satisfy equation 4.2, the 
condition can be written as bjjy'y’ = (biy")(cjy’) for some c;(x), so that we 
have 


2b; = bic; + bjci (4.35) 


Thus we shown that a Finslerian hypersurface M"~! will be hyperplane of 
first kind if and only if 2b;; = bjc; + bjci. 


Now we try to show that second fundamental tensor Hyg of the hyper- 
surface M”! is proportional to its angular metric tensor hag- 

For that, contracting equation 4.35 and using the fact that bjy? = 0, we 
get boo = 0. This implies that the condition boo = 0 and 2b;; = bicj + bjci 
are equivalent. 


Multiplying equation 4.35 by BY, and then Bi, and using equations (4.1) 
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and (4.2), we have 
2b;; x Be = (bi B$) Ci +t bici B$, 
2b;; Bi =0x Cj + bici B$, 


o 
2b; Bi, x BY = (0,53) c Bi, 
byb BL = 0x eB) 
25582, =0 
bg BBL =0 


Again, multiplying equation 4.35 by BY, and yf and then using Equation 
(4.1), we have 


2bij x Bly’ = (b:Bi) egy’ + (bjy’) ci BY 
Wij Biy =0x cy’ +0 x GB, 
2b; Bay’ = 0 
bij Boy’ = 0 
bio B’, =0 (contraction by yf is taking place) 
Again, consider equation (4.35) 
2b; = bicj + bjci 
bi iy? = b; (cjy’) + (b;y’) ci (multiplying by y both sides) 
2bio = bico +O x G (contraction by yf is taking place) 
2bio = bico 
2biob? = (b;b") cy (multiplying by b both sides) 
2biob’ = beg (x b? = bib’) 
b?co 
2 
Using this in equation 4.30 gives Ha = 0. Now using 4.23 and 4.24 
and using bob) = 0 and bi; Bi Bs = 0, we get A” = 0, A‘ B} = 0 and 
Bi; BB} = Salas Thus using the equations 4.6, 4.7, 4.8, 4.12 and 4.20, 
we get 


biob’ = 


cob? 
~14n(n4+1) ae 
Thus using the relation by; = bij — 6D}; and equation 4.36, equation 4.19 
reduces to 


b- DBL B= (4.36) 


cob? b2 
-— hog + 
1+n(n+1) 1+n(n+1) 


Hag =0 (4.37) 
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a i 
/1t+n(n+1) 


Thus we shown that the second fundamental tensor Hag of M nl js 
proportional to its angular metric tensor hag. 


Theorem 4.5. Let (M,F) be a Finsler manifold, where F(a, 8) = Cais 


ar 
n € N, is a generalized square metric and M"~! be its associated hypersur- 
face. Then the hypersurface M"—! will be hyperplane of second kind if and 


only if 
bij = ebibj 
Proof. We know from Lemma 3.8, hypersurface M"~! is a hyperplane of 


second kind if Ha = 0 and Hag = 0. Now we consider these two sufficient 
conditions one by one. 


1. If Hag = 0, then equation (4.37) becomes 


cob? b2 
ha t 0=0 
1+n(n+1) f V\Itnmn+ ~ 


cob? 
-— p= 0 
l+n(n+1) 


=> co =0 


=> 


Co cy’ 0 


=> there exist a function e(x) such that c;(x) = e(x)b;(x) and this 
ci(x) = e(x)b;(a) forces co to vanish as follows: 


2. Again, if Ha = 0, then Lemma 3.6 and Lemma 3.7 imply Ho = 0. 
We have already shown above Hp = 0 is equivalent to 


2bij = bic; + bjci 
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Now we combine case 1 and case 2. For that, put the value of c;(x) = 
e(x)b;(x) obtained in case 1 to equation obtained in case 2, we get 


2bij = bye(x)b; (x) + bje(x)b;(x) 
=e (bib; + b;b;) 


=ex 2b;b; 
a 2bij = 2eb;bj 
= bij = ebibj (4.38) 


Thus we shown that the hypersurface M”"~! of the Finsler manifold 
(M, F) will be hyperplane of second kind iff bj; = eb;b;. 


Theorem 4.6. Let (M,F) be a Finsler manifold, where F(a, 8) = Corda 
n € N, is a generalized square metric and M"~! be its associated hypersur- 


face. Then the hypersurface M"—! will not be hyperplane of third kind. 


Proof. We know from sufficient conditions of Lemma 3.9 a hypersurface 
becomes a hyperplane of third kind if Ha = 0, Hag = 0 and Mag = 0. Now 
we consider these three sufficient conditions one by one. 


1. If Ha = 0, then we get the condition 2b;; = bje(x)b; (a) + bje(x)bi(x), 
which has already been proved above and is termed as the condition 
of hyperplane of first kind. 


2. If Hag = 0, then we get the condition b;; = ebjb;, which has already 
been proved above and is termed as the condition of hyperplane of 
second kind. 


3. Now put Mag = 0 in Equation (4.15), we get 


o (n+!) b2 
i 2a ( aa) te 


which implies that no condition could be deduced to satisfy Mag = 0, 
i.e., it is impossible to find a condition under which a hypersurface 
becomes a hyperplane of third kind, as term on the R.H.S. of the 
above equation can never be zero. 


Finally, we shown that hypersurface M"~! is not a hyperplane of third 
kind. 


Corollary 4.7. Let (M,F) be a Finsler manifold, where F may be any 


of the following Finsler metrics obtained by generalized square metric F = 
(a+8)"t" = 1, 2, 3, 


Qn 
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2 
1. F= Ci (popularly known as square metric) 


2. F = PË 


E a, etc., 
Also let M"~! be the corresponding hypersurfaces of the given Finsler 
manifold (M,F). Then, in either case, show that the hypersurface is 
a hyperplane of first kind, second kind and not of the third kind. 


Proof. By Theorems 4.4, 4.5 and 4.6 it can be easily deduce that the 
hypersurfaces M"~' corresponding to different Finsler manifolds (M, F) are 
a hyperplane of first kind, second kind and not of the third kind. It is 
remarkable that corresponding author has already been published a paper 
[13] on part (1) of this corollary. 


Conclusion. Now after all, one may ask why authors of the article is so 
interested to carry forward the theory of hypersurface over Finsler space with 
Wey sear where n = 1,2,3,.... 
My answer is very assertive that generalization of any theory is always fas- 
cinating due to its nature to bring various special cases under one umbrella. 
For example, the theorems that we have proved works for every natural num- 


bern Ee N. 


generalized square metric F(x,y) = 
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